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Abstract

Conjugate gradient methods are a class of important methods for
solving linear equations and for solving nonlinear optimization. In
this article, a review on conjugate gradient methods for unconstrained
optimization is given. They are divided into early conjugate gradi-
ent methods, descent conjugate gradient methods and sufficient de-
scent conjugate gradient methods. Two general convergence theorems
are provided for the conjugate gradient method assuming the descent
property of each search direction. Some research issues on conjugate
gradient methods are mentioned.
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1 Introduction

Conjugate gradient methods are a class of important methods for solving
unconstrained optimization problem

min f(z), =€ R", (1.1)
especially if the dimension n is large. They are of the form
Tt1 = Tk + agdy, (1.2)

where ay, is a stepsize obtained by a line search, and dy, is the search direction

defined by
—Gk; for k =1,
dy, = (1.3)
=9k + Brdi—1, for k> 2,

where ) is a parameter, and g denotes V f(xy).

It is known from (1.2) and (1.3) that only the stepsize aj, and the pa-
rameter 0 remain to be determined in the definition of conjugate gradient
methods. In the case that f is a convex quadratic, the choice of §; should
be such that the method (1.2)-(1.3) reduces to the linear conjugate gradient
method if the line search is exact, namely,

ap = argmin{ f (z + ady); a > 0}. (1.4)

For nonlinear functions, however, different formulae for the parameter [
result in different conjugate gradient methods and their properties can be
significantly different. To differentiate the linear conjugate gradient method,
sometimes we call the conjugate gradient method for unconstrained opti-
mization by nonlinear conjugate gradient method. Meanwhile, the parame-
ter B is called conjugate gradient parameter.

The linear conjugate gradient method can be dated back to a seminal
paper by Hestenes and Stiefel [46] in 1952 for solving a symmetric posi-
tive definite linear system Ax = b, where A € R""™ and b € R". An
easy and geometrical interpretation of the linear conjugate gradient method
can be founded in Shewchuk [77]. The equivalence of the linear system to
the minimization problem of %CL‘TAx — bz motivated Fletcher and Reeves
[37] to extend the linear conjugate gradient method for nonlinear optimiza-
tion. This work of Fletcher and Reeves in 1964 not only opened the door of
nonlinear conjugate gradient field but greatly stimulated the study of non-
linear optimization. In general, the nonlinear conjugate gradient method
without restarts is only linearly convergent (see Crowder and Wolfe [16]),



while n-step quadratic convergence rate can be established if the method
is restarted along the negative gradient every n-step (see Cohen [15] and
MicCormick and Ritter [54]). Some recent reviews on nonlinear conjugate
gradient methods can be found in Hager and Zhang [44], Nazareth [60, 61],
Nocedal [62, 63], etc. This paper aims to provide a perspective view on the
methods from the angle of descent property and global convergence.

Since the exact line search is usually expensive and impractical, the
strong Wolfe line search is often considered in the implementation of non-
linear conjugate gradient methods. It aims to find a stepsize satisfying the
strong Wolfe conditions

pay g di, (1.5)

f(wp + apdy) — f(ar)

<
lg(xx + andp)Tdi| <

where 0 < p < 0 < 1. The strong Wolfe line search is often regarded as
a suitable extension of the exact line search since it reduces to the latter if
o is equal to zero. In practical computations, a typical choice for o that
controls the inexactness of the line search is o = 0.1.

On the other hand, for a general nonlinear function, one may be satisfied
with a stepsize satisfying the standard Wolfe conditions, namely, (1.5) and

9(zk + apdy) dy, > o g dy, (1.7)

where again 0 < p < ¢ < 1. Asis well known, the standard Wolfe line search
is normly used in the implementation of quasi-Newton methods, another
important class of methods for unconstrained optimization. The work of
Dai and Yuan [30, 33] indicates that the use of standard Wolfe line searches
is possible in the nonlinear conjugate gradient field. Besides this, there
are quite a few references (for example, see [19, 41, 81, 93]) that deal with
Armijo-type line searches.

A requirement for an optimization method to use the above line searches
is that, the search direction dy must have the descent property, namely,

gtdy, < 0. (1.8)
For conjugate gradient methods, by multiplying (1.3) with gg, we have
gk de = —llgrl* + Br gk di—1. (1.9)

Thus if the line search is exact, we have gl d = —||gx||* since gl dy_1 = 0.
Consequently, dj is descent provided g # 0. However, this may not be



true in case of inexact line searches for early conjugate gradient methods.
A simple restart with dp = —gp may remedy these bad situations, but will
probably degrade the numerical performance since the second derivative
information along the previous direction dj_; is discarded (see [68]). Assume
that no restarts are used. In this paper we say that, a conjugate gradient
method is descent if (1.8) holds for all k, and is sufficient descent if the
sufficient descent condition

gidi < —c g%, (1.10)

holds for all £ and some constant ¢ > 0. However, we have to point out that
the borderlines between these conjugate gradient methods are not strict (see
the discussion at the beginning of §5).

This survey is organized in the following way. In the next section, we will
address two general convergence theorems for the method of the form (1.2)-
(1.3) assuming the descent property of each search direction. Afterwards,
we divide conjugate gradient methods into three categories: early conjugate
gradient methods, descent conjugate gradient methods and sufficient descent
conjugate gradient methods. They will be discussed in Sections 3 to 5,
respectively, with the emphases on the Fletcher-Reeves method, the Polak-
Ribiere-Polyak method, the Hestenes-Stiefel method, the Dai-Yuan method
and the CG_LDESCENT method by Hager and Zhang. Some research issues
on conjugate gradient methods are mentioned in the last section.

2 General convergence theorems

In this section, we give two global convergence theorems for any method
of the form (1.2)-(1.3) assuming the descent condition (1.8) for all k. The
first one deals with the strong Wolfe line search, while the second treats the
standard Wolfe line search.

At first, we give the following basic assumptions on the objective func-
tion. Throughout this paper, the symbol || - || denotes the two norm.

Assumption 2.1. (i) The level set L = {x € R" : f(z) < f(x1)} is
bounded, where x1 is the starting point; (ii) In some neighborhood N of
L, f is continuously differentiable, and its gradient is Lipschitz continuous;
namely, there exists a constant L > 0 such that

lg(z) — gl < Lllx —yll, for all z,y € N. (2.1)



Sometimes, the boundedness assumption for £ in item (i) is unneces-
sary and we only require that f is bounded below in £. However, we will
just use Assumption 2.1 for the convergence results in this survey. Under
Assumption 2.1 on f, we state a very useful result, which was obtained by
Zoutendijk [94] and Wolfe [83, 84]. The relation (2.2) is usually called as
the Zoutendijk condition.

Lemma 2.2. Suppose that Assumption 2.1 holds. Consider any iterative
method of the form (1.2), where dy, satisfies gL d, < 0 and ay, is obtained by
the standard Wolfe line search. Then we have that

i (o d)® _ (2.2)

2|l 2

To simplify the statements of the following results, we assume that g # 0
for all k for otherwise a stationary point has been found. Assume also that
Bk # 0 for all k. This is because if Gy = 0, the direction in (1.3) reduces to
the negative gradient direction. Thus either the method converges globally
if B = 0 for infinite number of k, or one can take some xj as the new initial
point. In addition, we say that a method is globally convergent if

liminf ||gx|| = 0, (2.3)
k—o0
and is strongly convergent if
lim [lge| = 0, (2.4)
k—o00

If the iterations {zx} stay in a bounded region, (2.3) means that there
exists at least one cluster point which is a stationary point of f, while (2.4)
indicates that every cluster point of {x}} will be a stationary point of f.

To analyze the method of the form (1.2)-(1.3), besides (1.9), we derive
another basic relation. By (1.3), we have di + gr = Ordi—1 for all k > 2.
Squaring both sides of this relation yields

ldxll* = —2g di — llgrll* + B¢ lldi—1]I*. (2.5)

The following theorem gives a general convergence result for any descent
method of the form (1.2)-(1.3) under the strong Wolfe line search. It indi-
cates that, if ||dj||? is at most linearly increasing, namely, ||dx||? < c1k + c2
for all k, a descent conjugate gradient method with strong Wolfe line search
is globally convergent.



Theorem 2.3. [22] Suppose that Assumption 2.1 holds. Consider any
method of the form (1.2)-(1.8) with dy, satisfying gi dx < O and with the
strong Wolfe line search (1.5) and (1.6). Then the method is globally con-

vergent if
1
Y —— =+ (2.6)
2l

Proof. 1t follows from (1.9) and (1.6) that |g} di|+ o|Bk|lgf_ dk—1] > |lgxl?,
which with the Cauchy-Schwarz inequality gives

(g8 di)* + Br(gi_1dr—1)* = c1llgell*, (2.7)

where ¢; = (14 ¢%)7! is constant. By (2.5), g{d, < 0 and (2.7), we have

(gF dy,)? n (9h_1dk—1)?
lldi)? lldr—1]”

- _(g;fdk)” el (9% 1dk1)2}
el | de—]* 7"
1 (g% _1dk—1)°
> —— | (gFdi)? + BR(gi_1di—1)? — g1
il | 1|
1| (g% _1dk—1)°
> W Cngk‘|4_WHng2 . (2.8)

Assume that (2.3) is false and there exists some constant v > 0 such that
lgkll >, forall k> 1. (2.9)

Notice that the Zoutendijk condition (2.2) implies that g} d./||dk| tends to
zero. By this, (2.8) and (2.9), we have for sufficiently large k,

(k) | (gr1dr—1)® _ e |lgnl®
ldull* " Nldeal* 7 2 fldil?

(2.10)

Thus by the Zoutendijk condition and (2.9), we must have that

gk |12
< 00, (2.11)
Z ||dk||2 Z ||dk||2

k>1 e 1

which is a contradiction to the assumption (2.6). Therefore we must have
the convergence relation (2.3) holds. O



We are now going to provide another general global convergence theorem
for any descent method (1.2)-(1.3) with the standard Wolfe line search. To
this aim, we define

tr =

dk | 2 for k = 1;
ldel® {rglu, or k = 1; 21

o H?ZQ B3, for k> 2.

By dividing (2.5) by ¢? and noticing that d; = —g;, we can obtain ([17])
that for all £ > 1
kT k 2
T d. )
n=-2)y ff -y ol 2.1
i=1 7t i=1 7t

Theorem 2.4. [17] Suppose that Assumption 2.1 holds. Consider any
method of the form (1.2)-(1.8) with dy satisfying gidi, < 0 and with the
standard Wolfe line search (1.5) and (1.7). Then the method is globally
convergent if the scalar By is such that

k
S I87% = +oe. (2.14)
k>1j=2

Proof. Define ¢, as in (2.12). The condition (2.14) is equivalent to

> % = +oo0. (2.15)

k>1 P
Noting that —2g7'd; — ||g:|1? < (g7 d;)?/|gi||?, it follows from (2.13) that

T

k
. (2.16)
Z} [ zw»?

Since ti > 0, the relation (2.13) also gives

k-1 k 2
g; di [lgill
—2§ 12’ > § 12 : (2.17)
i=1 ? =1 ?

Noting that —4g]'d; —||g:||* < 4(g7 d;)?/||g:||?, we get by this and (2.17) that

k
(¢f di)* _ lg: ng
12 faer > 12 ¢>2 Z Z

=1

H2

(2.18)



Now we proceed by contradiction and assume that (2.9) holds. Then by
(2.18), (2.15) and (2.9), we have that

§ (g ) d’“ § (2.19)
5 )

which means that the sum series in the right hand side of (2.16) is divergent.
By Lemma 6 in [71], we then know that

(g di)” Tap)? 1 g;{dk (g¢ di)? (
< : 2.20)
; lgkl1203 tr kZN lgrlIllde|I? 72 = lldw II?

which contradicts the Zoutendijk condition (2.2). The contradiction shows
the truth of (2.3). O

Theorem 2.4 provides a condition on (3 which is sufficient for the global
convergence of a conjugate gradient method using the standard Wolfe line
search. Instead of the sufficient descent condition (1.10), only the descent
condition d;‘ggk < 0 is used here. An easy understanding between Theorems
2.3 and 2.4 is given in [17] under the strong Wolfe line search, in which
situation we have the estimate dp ~ [ di_1 if there is no convergence.
Since different nonlinear conjugate gradient methods only vary with the
scalar [, we believe the condition (2.14) in Theorem 2.4 is very powerful in
the convergence analysis of conjugate gradient methods. See [17] for some
further uses of (2.14).

3 Early conjugate gradient methods

3.1 The Fletcher-Reeves method

In 1964, Fletcher and Reeves ([37]) proposed the first nonlinear conjugate
gradient method and used the following conjugate gradient parameter

2

FR _ Hng
AL L (3.21)

llgr—1|

The introduction of the FR method is a milestone in the field of large-scale
nonlinear optimization.

Early analysis with the FR method is based on the exact line search.
Zoutendijk [94] proved that the FR method with the line search is globally
convergent for nonlinear function. Al-Baali [1] first analyzed the FR method



with strong Wolfe inexact line searches (1.5)-(1.6). He showed that if o <
1/2, the sufficient condition (1.10) holds and there is global convergence.
Liu et al [51] extended Al-Baali’s result to the case that ¢ = 1/2. Dai
and Yuan [25] presented a simpler proof to this result by showing that the
sufficient condition (1.10) holds for at least one of any two neighboring
iterations. Here it is worth noting that after the descent condition (1.8) has
been verified, we can establish the global convergence easily by Theorem
2.4. More exactly, assuming that there is no convergence and (2.9) holds,
we can see that H?:Q BJZ- is at most linearly increasing and hence (2.14) holds.
Consequently, there will be global convergence by Theorem 2.4, leading to
a contradiction.

Further, if ¢ > 1/2, Dai and Yuan [25] proved that even for the one
dimensional quadratic function

f(z)=-2% =z€R,

the FR method may fail due to generating an uphill search direction. In-
teresting enough, if we continue the FR method by searching its opposite
direction once an uphill direction is generated and keeping xp+1 = xf if gpt1
is orthogonal to dj. 1, it is still possible to establish the global convergence of
the method. Dai and Yuan [27] considered this idea and showed the global
convergence of the FR method under a generalized Wolfe line search.

In [68], Powell analyzed the global efficiency of the FR method with the
exact line search. Denote 6 to be the angle between dj and —gi. The exact
line search implies that gi11 is orthogonal to dj for all k¥ and hence

[di+1]l = sec O [| gl (3.22)

and
Br+1lldill = tan Oy || gr-41]l- (3.23)

By using the above two relations and substituting the formula (3.21), we
can obtain

tan Opy1 = sec O [|gr1ll/llgkll > tan Ok |grrall/lgx (3.24)

Now, if 0y, is close to %m the iteration may take a very small step, in which
case both the step sy = zr+1 — x; and the change yi = gx+1 — gi are small.
Thus the ratio ||gx+1]|/||gk| is close to one. Consequently, by (3.24), 01 is
close to %71', which indicates that slow progress may occur again on the next
iteration. The drawback that the FR method may fall into some circle of



tiny steps was extended by Gilbert and Nocedal [38] to the strong Wolfe line
search, and was observed by many researchers in the community. It explains
why the FR method sometimes is very slow in practical computations.

Suppose that after some iterations, the FR method enters a region in
the space of the variables where f is the quadratic function

1
f(z) = §me’ r € R". (3.25)
In this case, the exact line search along d; and g = z; implies that

grrall = [lgr|l sin O (3.26)

By this and the equality in (3.24), we obtain 041 = 6. Thus the angle
between the search direction and the steepest descent direction remains
constant for all consecutive iterations, which makes the method very slow
if 0y is close to %w. This example was addressed by Powell [68] for the
two-dimension case and is actually valid for any dimension.

As will be seen in § 3.2, unlike the FR method, the PRP method can gen-
erate a search direction close to the steepest descent direction once a small
step occurs and hence can avoid cycles of tiny steps. On the other hand,
the PRP method need not converge even with the exact line search. This
motivates Touati-Ahmed and Storey [80] to extend Al-Baali’s convergence
result on the FR method to the general method (1.2)-(1.3) with

B € [0, "] (3.27)
and suggested the formula
BES = max {0, min { £ ¥, gF7}} (3.28)
Gilbert and Nocedal [38] further extended (3.27) to the interval
Be € [-BEE, BEE) (3.29)
and proposed the formula
PN = max {7, min {577, 67} } . (3.30)

However, the numerical results in [38] show that the GN method is not so
good as the PRP method although it indeed performs better than the FR
method.

10



3.2 The Polak-Ribiere-Polyak method

In 1969, Polak and Ribiere [66] and Polyak [67] proposed another conjugate
gradient parameter, independently, that is

T
BPRP — Ik Ukl (3.31)
gk—1l]

where yr_1 = g —gr_1. In practical computations, the Polak-Ribiere-Polyak
(PRP) method performs much better than the FR method for many opti-
mization problems because it can automatically recover once a small step is
generated. For this, we still consider the exact line search. It follows from
(3.31) that

1Bt | < Nlgssall gk — gell/llgwl > (3.32)

By using the relations (3.22), (3.23) and (3.32), we can obtain

tan Oy 11 < secOkllgrr1 — grll/ll gk l- (3.33)

Assume that the angle 0 between —gj, and dy, is close to 37 and ||sy|| =
|zk+1 — k|| = 0. Then we have that ||gr+1 — gk|| < ||lgx|| and hence

tan 611 < sec by. (3.34)

Consequently, the next search direction dj4; will tend to —gg4+1 and avoid
the occurrence of continuous tiny steps. The PRP method was believed to
be one of the efficient conjugate gradient methods in the last century.
Nevertheless, the global convergence of the PRP method only proves
for strictly convex functions [88]; for general functions, Powell [69] showed
that the PRP method can cycle infinitely without approaching a solution
even if the stepsize ay is chosen to the least positive minimizer of the line
search function. To change this unbalanced state, Gilbert and Nocedal [38]
considered Powell [70]’s suggestion of modifying the PRP method by setting

BEREY = max{BLHF, 0}, (3.35)

and showed that this modification of the PRP method, called PRPT, is
globally convergent both for exact and inexact line searches. More exactly,
Gilbert and Nocedal established the following result.

Theorem 3.1. Suppose that Assumption 2.1 holds. Consider the PRPT
method, namely, (1.2) and (1.3) where [y is given by (3.35). If the line
search satisfies the standard Wolfe conditions (1.5) and (1.7), and the suffi-
cient descent condition (1.10) for some constant ¢ > 0, the method is globally
convergent.

11



The technique of their proof is quite sophisticated. Firstly, they define
the so-called Property (x), which is a mathematical lifting of the property
of avoiding cycles of tiny steps.

Property (%) Consider the method (1.2) and (1.3) and assume that
0 < < |lgk]l < 4. Then we say that the method has Property (%), if there
exist constants b > 1 and ¢ > 0 such that for all &,

Bk| <, (3.36)

and )
Iskall < ¢ = 19 < o (3.37)

It is not difficult to see that both PRP and PRP* possesses such property.
Secondly, defining uy, = di/||dg||, Gilbert and Nocedal observed that if 5 >
0 and if ||dg|| — oo, ur and up_q will tend to be the same, namley, |u; —
ug—1]] — 0. Their proof then proceeds by contradiction. If there is no
convergence, then ||dg|| must tend to infinity. Consequently, by Property
(%), the method has to take big steps for at least half of the iterations,
otherwise ||dg| becomes finite. However, since dj tends to be the same
direction for sufficiently large k, the iterations will lie out of the bounded
level set L if there are many big steps. A contradiction is then obtained.

The convergence result of Gilbert and Nocedal requires the sufficient
descent condition (1.10). If the strong Wolfe line search is used instead of the
standard Wolfe line search, the sufficient descent condition can be relaxed
to the descent condition of the search direction (see [22]). However, the
following one-dimensional quadratic example shows that the PRP method
with the strong Wolfe line search may generate an uphill search direction
(see [32]). Consider

1
f(z) = 5 A2, r € R (3.38)
where A = min{1 + 0,2 — 2§} and suppose that the initial point is z; = 1.
Then for any constant ¢ and o satisfying 0 < 0 < o < 1/2, direct calculations

show that the unit stepsize satisfies the strong Wolfe conditions (1.5)-(1.6).
Consequently, xo =1 — X and

grdy = A2(A—1)3 >0, (3.39)

which means that dg is uphill. Thus for any small o € (0, 1), the strong Wolfe
line search can not guarantee the descent property of the PRP method even
for convex quadratic functions.

12



To ensure the sufficient descent condition, required by Theorem 3.1 for
the PRPT method, in practical computations, Gilbert and Nocedal [38]
designed a dynamic inexact line search strategy. As a matter of fact, their
strategy applies to any method (1.2) and (1.3) with nonnegative (;’s. Let
us look at (1.9). If ggdk,l < 0, we already have (1.10) since 85 > 0. On the
other hand, If g;{dk > 0, it must be the case that g,{dk_l > 0, which means a
one-dimensional minimizer has been bracketed. Then ggdk_l can be reduced
and (1.10) holds by applying a line search algorithm, such as that given by
Lemaréchal [49], Fletcher [36] or Moré and Thuente [57]. Comparing with
the PRP method, however, no significant improvement is reported in [3§]
for the PRP™ method.

Is there any clever inexact line search that can guarantee the global
convergence of the original PRP method? Grippo and Lucidi [41] answered
this question positively by generalizing an Armijo-type line search in [35].
Given constants 7 > 0, 0 € (0,1), d > 0 and 0 < ¢; < 1 < ¢g, their line
search aims to find

rlaTd
ak:max{aj 7195 I;‘;jZO,l,"‘} (3.40)
|Id|l
such that xx41 =z + ardy and dgy1 = —9gk11 + ﬁfﬁpdk satisfy
Flakin) < fla) — b of ||dl? (3.41)
and
—callgk1ll® < gipadiir < —cillgrral, (3.42)

Such a stepsize must exist because of the following observations. If a4 or,
equivalently, [|sg]] = ||lzrt1 — x]] = agl|dy| is small, B EF tends to zero and
hence diy1 gets close to —gr+1. On the other hand, the difference in the
objective function, f(wx11) — f(xx), is O(—gf sk) or O(||sk|), whereas the
expected decrease is only of the second order O(||sy||?). Therefore (3.41)
and (3.42) must hold provided that a4 is sufficiently small. Furthermore,
since the total reduction of the objective function is finite, the line search
condition (3.41) enforces kli)n;o |lsk|| = 0. By this property, the strong global

convergence relation (2.4) can be achieved for the PRP algorithm of Grippo
and Lucidi. From the view point of computations, Grippo and Lucidi [41] re-
fined their line search algorithm so that the first one-dimensional minimizer
of the line search function can be accepted. Again, the numerical experience
(see [64]) does not suggest a significant improvement of their algorithm over
the PRP method.

13



Along the line of [41], Dai and Yuan [32] builds the strong convergence
of the PRP method with constant stepsizes

ap =mn, where n € (0, ﬁ) is constant, (3.43)

where L is the Lipschitz constant in Assumption 2.1. This result was ex-

tended in [21] for the case that a = ;7. Chen and Sun [12] further studies

the PRP method together with other conjugate gradient methods using fixed

stepsizes of the form

=0 g,{dk
AL Qrdy,”

where 0 > 0 is constant and {Qy} is a sequence of positive definite matrices
determined in some way.

ay, (3.44)

3.3 The Hestenes-Stiefel method

In this subsection, we briefly discuss the Hestenes-Stiefel (HS) conjugate
gradient method, namely, (1.2)-(1.3) where [ is calculated by

T
9k Yr—1

NS = TR (3.45)
di—1Yk—1

Such a formula is first used by Hestenes and Stiefel in the proposition of the
linear conjugate gradient method in 1952.

A remarkable property of the HS method is that, no matter whether the
line search is exact or not, by multiplying (1.3) with y;_1 and using (3.45),
we always have that

dfye—1 = 0. (3.46)

In the quadratic case, yi_1 is parallel to A dy_1, where A is the Hessian of
the function. Then (3.46) implies d{Adk,l = 0, namely, dj is conjugate to
dy—_1. For this reason, the relation (3.46) is often called conjugacy condition.

If the line search is exact, we have by (1.9) that g dx = —||gx/|* since
ggdk_l = 0. It follows that d;{_lyk_l = |lgx_1]|* and ﬁfs = ﬂ,fRP. There-
fore the HS method is identical to the PRP method in case of exact line
searches. As a result, Powell [69]’s counter-example for the PRP method also
applies to the HS method, showing the nonconvergence of the HS method
with the exact line search. Unlike the PRP method, whose convergence can
be guaranteed by the line search of Grippo and Lucidi [41], it is still known
yet whether there exists a clever line search such that the (unmodified) HS
method is well defined at each iteration and converges globally. The answer

14



is perhaps negative. One major observation is that, when ||sg_1]|| is small,
both the nominator and denominator of ﬂ,fs become small so that ﬁ,f o
might be unbounded. Another observation is that, for any one dimensional
function, we always have

2 "Y1
d2=—92+ﬁfsd1:—gz+g Y

di=—g24+9g2=0 (3.47)

1Y

independent of the line search. Consequently, there is some special difficulty

to ensure the descent property of the HS method with inexact line searches.
Similarly to the PRPT method, we can consider the HS™ method, where

BT = max{p{'%,0}. (3.48)

In case of the sufficient descent condition (1.10), it is easy to verify that
both HS and HS* have Property (). Further, we can similarly modify the
standard Wolfe line search to ensure the sufficient descent condition and
global convergence for the HS™ method. If the sufficient descent condition
(1.10) is relaxed to the descent condition, Qi et al [74] established the global
convergence of a modified HS method, where 3 takes the form

1
gttt :maX{O,min {ﬂfS,Hng}}. (3.49)

Early in 1977, Perry [65] observed that the search direction in the HS
method can be written as

dy = — Py g, (3.50)
where -
dp_
Py=1— 2k (3.51)
dk_lyk—l

Noting that PE yr—1 = 0, Py is an affine transformation that transforms R"
into the null space of y;_1. To ensure the descent property of dj, however,
we may wish the matrix Py is positive definite. It is obvious that there is
no positive definite matrix Py such that PkT yr—1 = 0. Instead, we look for a
positive definite matrix Pj such that the conjugacy condition (3.46) holds.
In case of exact line searches, it is sufficient to require Py to satisfy

ngk—l = Sk—1, (352)

which is exactly the quasi-Newton equation (for example, see [88]). Follow-
ing this line, we can consider to generate Py by using the BFGS update from
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Ye—1 I, where v _1 is some scaling factor. This yields

Sko1Yk—1 + yk—lsk—1>+< ’Yk—1||yk:||2> Sk—151_1

T Ve ) ey

(3.53)
Shanno [76] explored this idea with 751 = 1 (namely, no scaling is consid-
ered in the BFGS update) and obtained the search direction

Pe(Yk-1) = -1 (I -

T 2 T T
Gk Yk—1 |1l i Sk—1 Gi Sk—1
dp, = —gr + 7Tk -1+ T Tk Sp—1+ Tkiyk_l.
Skp—1Yk—1 Sk—1Yk—1 ) Sk—1Yk—1 Sk—1Yk—1
(3.54)

The method (1.2) and (3.54) is called memoryless BEGS method by Buckley
[11]. It is easy to see that the memoryless BFGS method reduces to the HS
method if the line search is exact. Without much more calculations and
storage at each iteration, the memoryless BFGS method performs much
better than the HS method in practical computations.

In case of inexact line searches, Dai and Liao [23] derived the following
relation directly from (3.50) and (3.52),

dlye—1 = —(Pegr)Tyk—1 = —gt (PLyr—1) = —g} si—1. (3.55)

By introducing a scaling factor ¢, Dai and Liao considered a generalized
conjugacy condition,

dfye—1 = —t gf sp1, (3.56)
and proposed the following choice for G,
T T
Ik Yk—1 — L Gj Sk—1
Bt = TR (3.57)
dr—1Yk—1

Clearly, if the line search is exact, namely, ngsk_l = 0, the DL direction
is identical to the HS direction. If ggsk,l # 0, an analysis for quadratic
functions is presented in [23], showing that for small values of ¢, the DL
direction can bring a bigger descent in the objective function than the HS
direction if an exact line search is done at the k-th iteration. The numerical
experiments in [23] showed that the DL method with ¢ = 0.1 is a signifi-
cant improvement of the HS method. In addition, similarly to PRP' and
HS*, Dai and Liao [23] established the global convergence of a modified DL
method, where

T T
DLt (1) — max { SR¥hL b _p IrOh1 (3.58)
dy_1Yk—1 dy—1Yk—1
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that allows negative values.

Two further developments of the DL method are made by Yabe and
Takano [85] and Li et al [50]. Specifically, based on a modified secant con-
dition given by Zhang et al [90, 91|, Yabe and Takano [85] suggested the
variants of (3.57) and (3.58) with the vector yj_; replaced with

A
Zk—1=Yk-1+ <7J9k:> Uk—1, (3.59)

Sp—1Uk—1

where A\, = 6(fx_1 — fr) + 3(gr—1 + gx)"sk_1, p > 0 is a constant and
up_1 € R™ satisfies s%ﬁluk_l # 0 (for example, ux_1 = di_1). Li et al [50]
considered the modified secant condition in Wei et al [82] and suggested the
following replacement of yx_; in (3.57) and (3.58):

Ye—1 = Yk-1 + Sk—1, (3.60)

Vk—1
skl
where v;_1 = 2(fr_1 — fx) + (gr—1 + gr)T sp_1. Due to the uses of precise
modified secant conditions, certain numerical improvements are expected
for these variants over the DL and DLT methods.

4 Descent conjugate gradient methods

From the previous section, we can see that none of the FR, PRP and HS
methods can ensure the descent property of the search direction even if the
strong Wolfe conditions (1.5) and (1.6) with arbitrary o € (0, 1). For the
FR method, the descent condition can be guaranteed by restricting o < 1/2.
However, this is not true any more for o > 1/2. For any constant value of
o € (0, 1), there is always some possibility for the PRP and HS methods
not to generate a descent search direction.

If a descent search direction is not produced, a practical remedy is to
restart the method along —gi. However, this might degrade the efficiency
of the method since the second derivative information achieved along the
previous search direction is discarded (see [68]). From the previous section,
we see that many efforts have been made for early conjugate gradient meth-
ods to guarantee a descent direction and hence avoid the use of the remedy,
including modifying the conjugate gradient parameter [ or designing some
special line search. In this section, we will first address the conjugate de-
scent method and then emphasize the Dai-Yuan method, both of which can
ensure the descent condition under the strong Wolfe conditions and the stan-
dard Wolfe conditions, respectively. A hybrid of the two methods is briefly
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mentioned at last, which can ensure a descent direction at every iteration
without line searches.

4.1 The conjugate descent method

In his monograph [36], Fletcher proposed the conjugate descent (CD) method,
namely, (1.2)-(1.3) with g is given by

_dz_lgk:—l

Other than the FR, PRP and HS methods, the CD method can ensure the
descent property of each search condition provided that the strong Wolfe
conditions (1.5)-(1.6) are used. To see this, we first introduce the following
variants of the strong Wolfe conditions, namely, (1.5) and

o198 dy, < g(ay + apdy) T dy < —09 gt di, (4.2)

where 0 < 0 < o1 <1and 0 <09 < 1. If 01 =09 = 0o, the above conditions
reduce to the strong Wolfe conditions (1.5)-(1.6). Now, by (1.9) and (4.1),
we have

~gi di = llgrll* [1 + gk d—1/9j—1dx—1] - (4.3)
The above relation and (4.2) indicates that

1— 03 < —gldy/llgel < 1+ . (4.4)

Since oy < 1, the left inequality in (4.4) means that (1.10) holds with ¢ =
1 — 09 and hence the descent condition holds.

Global convergence analysis of the CD method is made in Dai and Yuan
[26] using the generalized strong Wolfe conditions (1.5) and (4.2). Specifi-
cally, if 01 < 1 and o9 = 0, it follows from (4.1), (4.4) and (3.21) that

0< P < Bt (4.5)

Therefore by the result of Touati-Ahmed and Storey [80] related to the
relation (3.27), there is global convergence of the CD method. However,
for any o9 > 0, it is possible that the square norm ||dy|? in the method
increases to infinity at an exponential rate. Specifically, Dai and Yuan [26]
considered the following two dimensional function

f(z,y) =&x® —y, where &€ (1,9/8), (4.6)

and showed that the CD method with the generalized strong Wolfe line
search may not solve (4.6). In real computations, the CD method is even
inferior to the FR method.
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4.2 The Dai-Yuan method

To enforce a descent direction in case of the standard Wolfe line search, Dai
and Yuan [30] proposed a new conjugate gradient method, where

poY — lgrI” . (4.7)
dg_1yk—1

For the DY method, it follows by (1.3), (4.7) and direct calculations that

2
9k
T~ ol

k—1JrR—

The fraction in (4.8) is exactly the DY formula (4.7). With this observation,
we can get an equivalent expression of ﬁ,? Y from (4.8),

T
d
DY _ _OkCk (4.9)
gk_1dk—1

The following theorem establishes the descent property and global con-
vergence of the DY method with the standard Wolfe line search.

Theorem 4.1. Suppose that Assumption 2.1 holds. Consider the DY method,
namely, (1.2) and (1.3) where By is given by (4.7). If the line search satisfies
the standard Wolfe conditions (1.5) and (1.7), we have that gfdy < O for
all k > 1. Further, the method converges in the sense that ligriioréf llgx|l = 0.

Proof. Tt is obvious that dI g; < 0 since d; = —g;. Assume that gffldk_l <
0. It follows by this and (1.7) that d]_,yx—1 > 0. Thus by (4.8), we also
have that ggdk < 0. Therefore by induction, ggdk <0 forall k> 1.

Now, let us denote

A gk di
(91 di)? gk |®
Dividing (2.5) by (g dx)? and using (4.9) and (4.10), we obtain
1 2 1 1
G = Qo + 5 — — (4.11)
lgrl? e llgkll® v}
Noting that % - %2 < 1, an immediate corollary of (4.11) is
k
ar < qr—1+ |9kl 7 (4.12)
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Assuming that lign inf || gx|| # 0 and (2.9) holds. By (2.9), (4.12) and d; =
—0Q

—g1, we have g < k/v? and hence Zk:zl qk_1 = 400, which contradicts the
Zoutendijk condition (2.2). Therefore the statement is true. O

By (4.11), we can further exploit the self-adjusting property of the DY
method ([18]). To this aim, we first notice that the r; defined in (4.10)
is a quantity that reflects the descent degree of the search direction dy,
since the descent condition (1.8) is equivalent to r; > 0 and the sufficient
condition (1.10) is the same as rp > ¢. Now let us focus on the relation
(4.11). The second term on the right side of (4.11) increases the value of
qr—1, whereas the third term decreases the value of ¢;_;. Considering the
two terms together, we see that g1 increases if and only if r, > 1/2. If
rt 18 close to zero, then g1 will be significantly reduced, since the order of
1/7k in the second term is only one but its order in the third term is two.
This and the fact that g > 0 for all k¥ imply that, in the case when g;_1
is very small, r, must be relatively large. Further investigations along the
observations can lead to the following result of the DY method independent
of the line search.

Theorem 4.2. Consider the DY method (1.2), (1.3) and (4.7) where dy; is
a descent direction. Assume that 0 < v < ||gi|| < ¥ holds for all k > 1.
There must exist positive constants 61,92 and 03 such that the relations

[ (4.13)

—gi d > jl%, 5]{: TR > \5/‘%
holds for all k > 1. Further, for any p € (0, 1), there must positive constants
04 05, 8¢ such that, for any k, the relations

—gld; > 4y, Idil|? > 05, i > d6 (4.14)
holds for at least [pk] values of i € [1,k].

The above theorem enables us to establish the global convergence for the
DY method provided that the line search is such that

fr = fre1 = cmin {—g{dy, |dl*, q; "} (4.15)

for all £k > 1 and some ¢ > 0. Consequently, we can analyze the conver-
gence properties of the DY method using the standard Wolfe line search,
the Armijo line search [4] and the line search proposed in [35, 40] for no-
derivative methods.
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In general, once some optimization method fails to generate a descent
direction, a usual remedy is to do a restart along —g. As shown in [18], the
DY direction can act the role of the negative gradient and meanwhile guar-
antee the global convergence. A numerical experiment with the memoryless
BFGS method in [18] demonstrated this finding.

Since the DY method has the same drawback as the FR method, namely,
it can not recover from cycles of tiny steps, it is natural to consider the hybrid
of the DY and HS methods like those for the FR and PRP methods in
[80, 38]. Under the standard Wolfe line search, Dai and Yuan [33] extended
Theorem 4.1 to any method (1.2), (1.3) with

L—0 .py apv
€ |— , , 4.16
Br T g% P (4.16)
where o is the parameter in the Wolfe condition (1.7). In spite of a large
admissible interval, the numerical results of Dai and Yuan [33] indicated
that the following hybrid is preferable in real computations

BPYHS = max {0, min {55, BPY} 1. (4.17)

Unlike the T'S and GN hybrid methods, the DYHS method using standard
Wolfe line searches performs much better than the PRP method using strong
Wolfe line searches (see [33]). The latter was generally believed as one of
the most efficient conjugate gradient algorithms.

It is well known that some quasi-Newton methods can be expressed in a
unified way and their properties can be analyzed uniformly (for example, see
[8, 9]). On the contrary, nonlinear conjugate gradient methods were often
analyzed individually. To change the situation, Dai and Yuan [28] proposed
a family of conjugate gradient methods, in which

llg?
Bi(A) = , Aeo,1]. (4.18)
Alge—1I” + (1 = Ndf_ ye—1

This family can be regarded as some kind of convex combination of the
FR, and DY methods. Dai and Yuan [29] further extended the family to
the case A € (—o0,400) and presented some unified convergence results.
Independently, Nazareth [60] regarded the FR, PRP, HS and DY formulas
as the four leading contenders for the conjugate gradient parameter and
proposed a two-parameter family:

Mellgl]? + (1 — Xe) gl yr—1

Br( Ny pie) =
fil|gr—1]* + (1 — p)di_ 1y
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The methods that take the convex combination )\kﬁfs +(1- /\k)ﬂl?y, con-
sidered in Andrei [2], can be regarded as a subfamily of (4.19) with u; = 0.
Several efficient choices for Ay in this subfamily are also studied in [2] based
on different secant conditions.

Later, based on FR, PRP, HS, DY, CD and the formula

T
9k Yk—1
By = 7—;}2 ~ (4.20)

by Liu and Storey [53], Dai and Yuan [34] proposed a three-parameter family:

llgkl1* = Akgit gk
lgr—111> + trgi dr—1 — WrBr—194_1dp—2’
where A\ € [0,1], ux € [0,1] and wi € [0,1 — pg] are parameters. One
subfamily of the methods (4.21) with A\ = 1, ux = 0 and wi, = w is studied
in Shi and Guo [78] with an efficient nonmonotone line search. Further, Dai
[20] studied a family of hybrid conjugate gradient methods, in which

Bre( Nk, ok, wi) = (4.21)

max{0, min{g; ye—1, 7k[lgx[|*}}
(T + wi) gl dr—1 + pellgr—1 12 + (1 — pe) (=d{_ 9k-1)
(4.22)
where py € [0,1], wg € [0,1 — pg] and 7 € [1,+00) are parameters.

B (s Wiy Tie) =

4.3 The DYCD method

Suppose that M is some fixed positive integer, and A and J are constants in
(0,1). Given an initial guess @y at the k-th iteration, the nonmonotone line
search by [39] is to compute the least non-negative integer m such that the
steplength ap = ai A" satisfies the following relation:

Flag + apdy) < max{fe, ..., from} + 6orgi di, (4.23)

where M (k) = min (M, k — 1). To enforce a descent search direction at
every iteration in this situation, Dai [19] considered a hybrid of the DY and
CD methods, namely, (1.2)-(1.3) with

DYCD llgx|®

g max {dj_ yk—1, —df_19k—1} (4.24)
It is proved in [19] that the DYCD method possesses the descent property
without line searches. Further, there is the global convergence if the DYCD
method is combined with the above nonmonotone line search. Surprisingly, a
variant of the DYCD method tested in [19] was able to solve all the eighteen
test problems in Moré et al [56].
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5 Sufficient descent conjugate gradient methods

In this section, we summarize several nonlinear conjugate gradient methods
that can guarantee the sufficient descent condition (1.10), especially the
CG_Descent method by Hager and Zhang [42, 44].

Since the sufficient descent condition (1.10) is not scale invariant, how-
ever, there is some difficulty to differentiate descent conjugate gradient meth-
ods and sufficient descent conjugate gradient methods. More exactly, if d
satisfies g;{dk < 0, we can define another method whose search direction is
di = (—cllgrll?/ g di) di such that gldy = —cl|gr|*.

Let us take the DY method as an illustrative example. A variant of the
DY method is given in Dai [18], where dj, takes the form

di. Yk—1
dp = —Lgk—i—dk,l. (5.1)
gk |2

Since di = —g1, we can get by the induction principle that
gldy = —||g1]|?, forall k > 1. (5.2)

Further, if a scaling factor | gx||?/||gk—1]|?, that is the formula 35 % exactly,
is introduced for each search direction dj (except di), we obtain the scheme

d£_1yk—1

dy = —
lgk—1]

g + B dy—1. (5.3)

In this case, we have that —gldy, = ||gx||* for all k, which implies that the
sufficient descent condition (1.10) holds with ¢ = 1. It is worth mentioning
that the above scheme (5.3) is obtained by Zhang et al [92] (see also §5.2)
with the motivation of modifying the Fletcher-Reeves method. They found
that, the numerical performance of this scheme is very promising for a large
collection of test problems in the CUTEr library [7].

5.1 The CG_Descent method

To ensure the sufficient descent condition (1.10), Hager and Zhang [44] pro-
posed a family of conjugate gradient methods, where

T 9 T

Ik Yk—1 lyk—1I" 9 dr—1

BHZ(\g) = 2 — N , (5.4)
d;}F_1ykz—1 (d£—1yk—1)2
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where A\, > A > 1/4 controls the relative weight placed on the conjugacy
degree versus the descent degree of the search direction. This family is
clearly related to the DL method (3.57) with

2
£ = ap el (5.5)
Sk—1Yk—1

To verify the sufficient descent condition for the HZ method, we have by
(1.3) and (5.4) that

T T 2T 2
dp_ _ d_
aFd = —llgel® + <gkyk 1(9 Ak 1)) o (Hyk 117 (g dk—1) ) (5.6)

dk 1Yk—1 (dngyk—1)2

Now, by applying
1
e \/TT (dZ—lyk_l)gm Uk = M(ggqu) Yk—1 (5.7)
k

into the inequality

1
ufoe < 5 (Il + el (5.9
we can obtain
ggykfl(glzdkfl) —llgll® + lyk—1]l” git di—1 ) (5.9)
iy 4/\ (df—1yx-1)°

Therefore by (5.6) and (5.9), we have that

<~ (1= 1) el (5.10)
which with the restriction of A\; means that the sufficient descent condition
(1.10) holds with ¢ = 1 — (4)\)~!

In order to obtain global convergence for general nonlinear functions,
Hager and Zhang truncated their conjugate gradient parameter similarly to
the PRP™ method. More exactly, they suggested to choose

-1

H2H () = max { B2 (M), mi N =
{ - | dg—1]|> min {n, ||ge—1|}

, (5.11)

where 1 > 0 is a constant. With this truncation, they established the global
convergence of the modified method (5.11) with the standard Wolfe line
search for general functions.
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Hager and Zhang [42, 43] tested the value of A\ = 2 for the family
with a precisely-developed efficient line search. For a large collection of
large-scale test problems in the CUTEr library [7], the new method, called
CG_DESCENT, performs better than both PRP' of Gilbert and Nocedal
and L-BFGS of Liu and Nocedal.

More efficient choices of A, however, have been found in Kou and Dai
[48] by projecting the scaled memoryless BFGS direction defined in (3.50)
and (3.53) into the one dimensional manifold {—gx + Sd; : 8 € R}. By

T 2
taking the scaling factors y5_1 = Slllcy_;ff\@l and y,_1 = SHTS’“;l”, they suggest
- k—1Yk—1
d _ .
the uses of A\, = 2 — % and A\, = 1, respectively. A simple and

efficient nonmonotone line search criterion is also designed in [48], that can
guarantee the global convergence of the new methods.

5.2 Several new methods that guarantee sufficient descent

The remarkable property of the HZ method (5.4) that can guarantee the suf-
ficient descent condition (1.10) for general functions have attracted several
further investigations.

A direct generalization of (5.4) is given in Yu and Guan [86] (see also
[87]). They found that, for any S of the form

T
Br = gkAizk, for some v, € R™ and A, € R, (5.12)

there is a corresponding formula

T 2
Y@ i Vk C””k” T

C) = — dr_1, 5.13
. (C) AL fi 9k Ak—1 ( )

where C' > 1/4, such that (1.10) holds with ¢ = 1 — (4C)~!. Since almost
all of the conjugate gradient parameters can be written into (5.12), we can
obtain various extensions that can guarantee sufficient descent. It is obvious
that the HZ formula (5.4) is corresponding to (5.13) with the HS formula
(3.45) where vy, = yr—1 and A, = d;{ilyk_l. The extensions of BE%, ﬁ,fRP,
ﬂ,?y, ﬂgD and ,6,55 are also provided in [86]. A further generalization of
this framework on the spectral conjugate gradient method (see [6] or §6) is
given in [87].

Another general way of producing sufficient descent conjugate gradient
methods is provided in Cheng [13] and Cheng and Liu [14]. Its basic is as
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follows. For any search direction —gy, + O dx_1, which need not be descent,
an orthogonal projection to the null space of g; leads to the vector

T
dir = <I — T};j|’|€2> (=9k + Br dk—1)- (5.14)

The search direction defined by

dp, = —gr-+ dé‘
Qdekfl
= — |1+ Bk 5 | 9k + Bk dr—1 (5.15)
g
then always satisfies g} dy, = —||gx*. If the line search is exact, the second

term in the parathesis of (5.15) is missing since gl dy_; = 0. Hence the
above scheme reduces to the linear conjugate gradient method in the ideal
case. The above procedure with gy = BEF is studied in [13]. As shown
in [14], setting By = BL® in (5.15) leads to the scheme (5.3). Another
variant corresponding to to Yabe and Takano [85] (see the end of §3.3) is
also investigated in [14].

Observing that the search direction (3.54) defined by the memoryless
BFGS method is formed by the vectors —gg, dx—1 and yx_1, Zhang et al [93]
proposes the following modification of the PRP method

91 Yr—1  ghdia

dp, = —gr + k—1
lgk—1] llgr—1]”

Yk—1- (5.16)

By multiplying the above dj, with g;f, one can see that the corresponding val-
ues of the last two terms have opposite signs and hence gl dy, = —||gx||?. The
above scheme was implemented in [93] with an Armijo-type line search in
relation to [35], yielding comparable numerical results with CG_DESCENT.
Although (5.16) reduces to (1.3) in case of exact line searches, this scheme
is not a standard conjugate gradient method of the form (1.3) any more.

6 Several topics on conjugate gradient methods

As shown in the previous sections, various formulas have been proposed for
the nonlinear conjugate gradient parameter 3, whereas there is not much to
do with the choice of this parameter in the linear conjugate gradient method
(it is a consensus to use the FR formula (3.21) there). While some of the
existing conjugate gradient algorithms, like the DYHS method (4.17) and
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the CG.DESCENT method (5.4) among others, have proved more efficient
than the PRP method, we feel there is still much room to seek the best
nonlinear conjugate gradient algorithms.

As a lot of attention has been paid to the choice of G, it is actually also
important how to choose the stepsize ai. Some joint consideration is given
by Yuan and Stoer [89], which aims to find the best points of the function
over the two-dimensional manifold

zr + Span{—a gy + Bdx_1: (o, B) € R%}. (6.1)

as the next iterates. Motivated by the success of the Barzilai-Borwein step-
size in the steepest descent method (for example, see [5, 75]), Birgin and
Martinez [6] proposed the so-called spectral conjugate gradient method that
takes the search direction

1 9r (Yr—1 — O Sp—1)

dp = =5 gk +
Ok Sk df_1ye—1

dp_1. (6.2)

The efficient combination of the Barzilai-Borwein method and the conjugate
gradient method, however, is still not known to us. Specifically, the study of
Dai and Liao [23] indicates that when the iterate gets close to the solution,
the Barzilai-Borwein stepsize can always be accepted by the often-employed
nonmonotone line search. We wonder whether there is a similar result for
the spectral conjugate gradient method or some of its suitable alternatives.

In addition to the standard conjugate gradient method of the form (1.2)-
(1.3), another class of two-term conjugate gradient methods is called method
of shortest residuals (SR), that was first presented by Hestenes [45] and
studied by Pytlak and Tarnawski [73], Dai and Yuan [31], and the references
therein. The SR method defines the search direction by

dp = —Nr{gx, —Brdr-1}, (6.3)

where [ is a scalar and Nr{a, b} is defined as the point from a line segment
spanned by the vectors a and b which has the smallest norm, namely,

INr{a, b} = min{||Aa+ (1 —=X)b|: 0 <A <1}. (6.4)

If B = 1, the corresponding variant of the SR method generates the same
iterations as the FR method does in case of exact line searches. The formula
of B, corresponding to the PRP method is also given in [72] and modified in
[31]. If, further, the function is quadratic, these variants of the SR method
are equivalent and the direction dj proves to be the shortest residual in the
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(k — 1)-simplex whose vertices are —gi, -+, —gx. For the SR method, the
descent property of dj, is naturally implied by its definition (see [72, 31] for
details). In contrast to the standard conjugate gradient method, where the
size of di may become very large, the SR method has the trend of pushing
||di|| very small. Therefore we wonder whether there exists some family of
methods that includes the standard conjugate gradient method and the SR
method as its members. If this is the case, it might be possible to find more
efficient methods that monitor the size of ||di|| in a more efficient way.

If the storage of more vectors is admissible, one may consider to choose
for example three-term conjugate gradient methods such as [68, 58, 93] and
limited-memory quasi-Newton methods such as [52, 79] for solving large-
scale optimization problems, other than the two-term conjugate gradient
methods. As an alternative, one may think of forming some preconditioner
for conjugate gradient methods through the information already achieved
in the previous fewer iterations, for example see [10, 55, 3]. Unlike the
linear conjugate gradient method, where a constant preconditioner is usually
satisfactory, a robust and efficient conjugate gradient method for highly
nonlinear functions requires to be dynamically preconditioned. Therefore
it remains to study how to precondition the nonlinear conjugate gradient
method in more effective ways.
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